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Research on K-12 Mathematics TeachingResearch on K-12 Mathematics Teaching
and Learning:Three Central Themesand Learning:Three Central Themes

ØØ The goal of mathematics education is notThe goal of mathematics education is not
simply for students to learn to simply for students to learn to ““do math,do math,””
but for all students to understand thebut for all students to understand the
mathematics they do.mathematics they do.

ØØ All students can understand mathematics.All students can understand mathematics.
They differ in how quickly and easily theyThey differ in how quickly and easily they
learn.learn.

ØØ StudentsStudents’’ meaningful learning of meaningful learning of
mathematics involves not only what theymathematics involves not only what they
are taught, but also how they are taught.are taught, but also how they are taught.



What does K-12 Mathematics Entail?What does K-12 Mathematics Entail?

ØØ School mathematics has changed over time.School mathematics has changed over time.
qq30 years ago most states only required one course30 years ago most states only required one course

in high school math for graduation, and generalin high school math for graduation, and general
math would suffice.math would suffice.

qq In Maryland now, 3 courses are required includingIn Maryland now, 3 courses are required including
““topics fromtopics from”” algebra, data analysis and geometry. algebra, data analysis and geometry.

qq30 years ago, K-8 math was primarily computation.30 years ago, K-8 math was primarily computation.

qqNow NAEP measures number and operations, plusNow NAEP measures number and operations, plus
geometry, measurement, data analysis, probability,geometry, measurement, data analysis, probability,
and algebra.and algebra.



Nobel Laureate RichardNobel Laureate Richard
FeynmanFeynman’’s comparison of thes comparison of the
principles of physics to chess,principles of physics to chess,

also apply to mathematicsalso apply to mathematics
teaching and learning.teaching and learning.

The rules of chess are easy to state, but
knowing the rules of chess is not the same

as playing chess, as following the plays
of a game of chess, or as predicting what

will happen next in a chess game.



There are There are ““rulesrules”” in mathematics, in mathematics,
but when teaching mathematics, thebut when teaching mathematics, the

““rulesrules”” should not be confused with the should not be confused with the
real intent for teaching mathematics --real intent for teaching mathematics --
knowing when, why, and how to applyknowing when, why, and how to apply
and connect mathematical conceptsand connect mathematical concepts

and principles.and principles.



Two References for theTwo References for the
Information that FollowsInformation that Follows

Donovan, M. S., & Donovan, M. S., & BransfordBransford, J. D. (, J. D. (EdsEds.).)
(2005). (2005). How students learn:How students learn:
Mathematics in the classroomMathematics in the classroom..
Washington, DC: National AcademyWashington, DC: National Academy
Press.Press.

Kilpatrick, J., Swafford, J., & Kilpatrick, J., Swafford, J., & FindellFindell, B., B.
(2001). (2001). Adding it up: Helping childrenAdding it up: Helping children
learn mathematicslearn mathematics. Washington, DC:. Washington, DC:
National Academy Press.National Academy Press.



Mathematical ProficiencyMathematical Proficiency
ØØ Conceptual Understanding --Conceptual Understanding --

Comprehension of mathematicalComprehension of mathematical
concepts, operations, andconcepts, operations, and
relationsrelations

ØØ Procedural Fluency -- Skill inProcedural Fluency -- Skill in
carrying out procedures flexibly,carrying out procedures flexibly,
accurately, efficiently, andaccurately, efficiently, and
appropriatelyappropriately

ØØ Strategic Competence -- AbilityStrategic Competence -- Ability
to formulate, represent, andto formulate, represent, and
solve mathematical problems.solve mathematical problems.

ØØ Adaptive Reasoning -- CapacityAdaptive Reasoning -- Capacity
for logical thought, reflection,for logical thought, reflection,
explanation, and justificationexplanation, and justification

ØØ Productive Disposition --Productive Disposition --
Habitual inclination to seeHabitual inclination to see
mathematics as sensible, useful,mathematics as sensible, useful,
and worthwhile, coupled with aand worthwhile, coupled with a
belief in diligence and onebelief in diligence and one’’s owns own
efficacyefficacy



Learning MathematicsLearning Mathematics

ØØ Students have prior knowledge that theyStudents have prior knowledge that they
bring to school.bring to school.
qqIf that knowledge is not accessed duringIf that knowledge is not accessed during

instruction, students may have difficulty orinstruction, students may have difficulty or
fail to learn.fail to learn.

qqIf that knowledge is not accessed duringIf that knowledge is not accessed during
instruction, students may learn new contentinstruction, students may learn new content
for a short time, but then forget it -- slippingfor a short time, but then forget it -- slipping
back only to their prior knowledge.back only to their prior knowledge.



Learning MathematicsLearning Mathematics

ØØ Students who learn and retain what theyStudents who learn and retain what they
have learned actually understand.have learned actually understand.
qqItIt’’s not just a matter of retaining factuals not just a matter of retaining factual

knowledge and skills.knowledge and skills.

qqWhat is required is to grasp the conceptsWhat is required is to grasp the concepts
and ideas underlying those facts and skills.and ideas underlying those facts and skills.

qqWhat is required is to mentally organize allWhat is required is to mentally organize all
those facts, skills, concepts and ideas in athose facts, skills, concepts and ideas in a
way that makes sense way that makes sense to the learner.to the learner.

qqThis organization supports future recall,This organization supports future recall,
access, and use.access, and use.



Learning MathematicsLearning Mathematics

ØØ Successful learners consciously Successful learners consciously ““taketake
chargecharge”” and monitor their own learning. and monitor their own learning.
qqThey reflect on what they do and do notThey reflect on what they do and do not

understand (and ask for help or work tounderstand (and ask for help or work to
make sense).make sense).

qqThey use strategies that they know helpThey use strategies that they know help
them to learn.them to learn.
üü They ask questions, explain to themselves andThey ask questions, explain to themselves and

others, and recheck what they have done, readothers, and recheck what they have done, read
and written.and written.

üü In mathematics, they ask if their answer In mathematics, they ask if their answer ““makesmakes
sensesense”” and carry out steps to determine that. and carry out steps to determine that.



Learning MathematicsLearning Mathematics

ØØ DistributedDistributed practice is important for skill learning. practice is important for skill learning.
qqPractice permits the steps making up a skill to becomePractice permits the steps making up a skill to become

connected and stored as a single procedure in oneconnected and stored as a single procedure in one’’ss
memory.memory.

qqThis supports recall and automatic execution of theThis supports recall and automatic execution of the
skill.skill.

ØØ Conceptual understanding also supports recallConceptual understanding also supports recall
and use of skills.and use of skills.
qq It is easier to use an understood procedure.It is easier to use an understood procedure.
qq If a skill or procedure is understood, it is easier toIf a skill or procedure is understood, it is easier to

realize to use it when faced with a new situation or torealize to use it when faced with a new situation or to
realize that all that is needed is an adjustment in orderrealize that all that is needed is an adjustment in order
to use it to solve a new problem.to use it to solve a new problem.



Learning MathematicsLearning Mathematics

ØØ Students who understand why and how aStudents who understand why and how a
procedure works will develop accurateprocedure works will develop accurate
recall faster, with less practice.recall faster, with less practice.

ØØ If students practice what they do notIf students practice what they do not
understand, it is hard for them to go backunderstand, it is hard for them to go back
and learn underlying meaning.and learn underlying meaning.

ØØ Practice without understanding can leadPractice without understanding can lead
to consistent procedural errors that areto consistent procedural errors that are
hard to eliminate.hard to eliminate.



Teaching MathematicsTeaching Mathematics

ØØ Build on studentsBuild on students’’ current knowledge current knowledge
and skills.and skills.

qqNot just a pretest to target review and re-Not just a pretest to target review and re-
teaching.  This can actually build ateaching.  This can actually build a
memorize-forget cycle.memorize-forget cycle.

qqAccess studentsAccess students’’ thinking.  Ask questions thinking.  Ask questions
that require students to explain their ideasthat require students to explain their ideas
and strategies, even if they are inaccurate orand strategies, even if they are inaccurate or
incomplete.incomplete.



Teaching MathematicsTeaching Mathematics

ØØ Balance discussion of student ideas withBalance discussion of student ideas with
consideration of intended newconsideration of intended new
mathematical content.mathematical content.



Teaching MathematicsTeaching Mathematics

ØØ Balance discussion of student ideas withBalance discussion of student ideas with
consideration of intended newconsideration of intended new
mathematical content.mathematical content.

Show and tellShow and tell

Demonstrate and practiceDemonstrate and practice



Teaching MathematicsTeaching Mathematics

ØØ Balance discussion of student ideas withBalance discussion of student ideas with
consideration of intended newconsideration of intended new
mathematical content.mathematical content.

Show and tellShow and tell
Demonstrate and practiceDemonstrate and practice



Teaching MathematicsTeaching Mathematics

ØØ Balance discussion of student ideas withBalance discussion of student ideas with
consideration of intended newconsideration of intended new
mathematical content.mathematical content.

Asking questionsAsking questions
Questioning answersQuestioning answers

Show and tellShow and tell
Demonstrate and practiceDemonstrate and practice



Theorem:  Never tell a studentTheorem:  Never tell a student
what that student could tellwhat that student could tell
you (if you asked).you (if you asked).

Corollary: Never tell a studentCorollary: Never tell a student
what another student could tellwhat another student could tell
that student for you.that student for you.



Teaching MathematicsTeaching Mathematics

ØØ Integrate concepts and skills duringIntegrate concepts and skills during
instruction.instruction.
qqQuestion students to explain how theyQuestion students to explain how they

solved a problem and how they knew to dosolved a problem and how they knew to do
what they did (or why they did what theywhat they did (or why they did what they
did).did).

qqEngage the class in considering differingEngage the class in considering differing
methods, in identifying advantages ormethods, in identifying advantages or
disadvantages of methods, in determining ifdisadvantages of methods, in determining if
a method is mathematically correct anda method is mathematically correct and
rigorous, in identifying points of confusion,rigorous, in identifying points of confusion,
and in asking questions.and in asking questions.



Teaching MathematicsTeaching Mathematics

ØØ Mathematics is part invention and partMathematics is part invention and part
convention.convention.
qqTerminology and notation require more explicitTerminology and notation require more explicit

presentation.presentation.

qqStandards for mathematical correctness,Standards for mathematical correctness,
generalizability, and efficiency still hold.generalizability, and efficiency still hold.

qqConsolidating expressed ideas and phrasingConsolidating expressed ideas and phrasing
subsequent principles generally require moresubsequent principles generally require more
““teacher talk.teacher talk.””

ØØ Teachers must decide when to ask, whenTeachers must decide when to ask, when
to listen, and when to tell.to listen, and when to tell.



Teaching MathematicsTeaching Mathematics

ØØ Too often what students learn from monitoringToo often what students learn from monitoring
their own learning in mathematics classes istheir own learning in mathematics classes is
that they are that they are ““not good at mathnot good at math”” and that math and that math
is confusing and difficult.is confusing and difficult.

ØØ Instruction that expects students to askInstruction that expects students to ask
questions and to explain their reasoningquestions and to explain their reasoning
pushes students to:pushes students to:
qq reflect on their understanding, reflect on their understanding,
qqorganize their thinking,organize their thinking,
qqself-monitor andself-monitor and
qqpersist.persist.



Other School-based InfluencesOther School-based Influences

ØØ Complete and coherent mathematicsComplete and coherent mathematics
curriculum that portrays a connected andcurriculum that portrays a connected and
increasing mathematical trajectory.increasing mathematical trajectory.
qqConveys pacing, order, emphasis and expectationsConveys pacing, order, emphasis and expectations

qqReferences available mathematical materialsReferences available mathematical materials

qqAligned with standardized assessmentsAligned with standardized assessments

ØØ Students learn what they have an opportunityStudents learn what they have an opportunity
to learn (Hiebert, 2003).to learn (Hiebert, 2003).

qqMost current curricula and state standards focusMost current curricula and state standards focus
more on calculating, labeling, defining, and recallingmore on calculating, labeling, defining, and recalling
in problem exercises than on reasoning,in problem exercises than on reasoning,
communicating, connecting, justifying, conjecturingcommunicating, connecting, justifying, conjecturing
and problem solving.and problem solving.



Mathematics ContentMathematics Content

Too often the Too often the ““conventional wisdomconventional wisdom”” is is
that the curriculum in high povertythat the curriculum in high poverty
classrooms should follow a fixedclassrooms should follow a fixed
sequence of lessons, emphasizingsequence of lessons, emphasizing
practice and moving from basic to morepractice and moving from basic to more
advanced skills without ever addressingadvanced skills without ever addressing
problem solving or reasoning.problem solving or reasoning.

This is This is notnot supported by research, if your supported by research, if your
intent is to advance mathematicalintent is to advance mathematical
learning and comprehension.learning and comprehension.



Mathematics in the 
State framework

Mathematics in the
State Test

Knowledgeable teachers using new
instructional strategies and resources to

foster student learning of a legitimate
        trajectory of rich mathematics

Theoretical GoalTheoretical Goal



TextbooksTextbooks

CoherentCoherent
CurriculumCurriculum

AssessmentsAssessments



Professional DevelopmentProfessional Development

ØØ Sustained professional development canSustained professional development can
positively impact both instructional practicepositively impact both instructional practice
and student achievement.and student achievement.

ØØ It is the key to local implementation.It is the key to local implementation.

ØØ Must integrate mathematics content andMust integrate mathematics content and
pedagogy, target the curriculum, access onlypedagogy, target the curriculum, access only
available resources, address teachingavailable resources, address teaching
demands of the teachers, and be consistentlydemands of the teachers, and be consistently
attended.attended.

ØØ Requires sustained administrative resolve.Requires sustained administrative resolve.



What Research Cannot Tell UsWhat Research Cannot Tell Us

ØØ Standards are not determined by research.Standards are not determined by research.

ØØ Standards are statements of priorities andStandards are statements of priorities and
goals.goals.

ØØ Standards imply beliefs about mathematicsStandards imply beliefs about mathematics
and mathematics learning and teaching.and mathematics learning and teaching.

ØØ What is always What is always ““bestbest”” cannot be cannot be
determined by research.determined by research.

ØØ Research cannot imagine new ideas.Research cannot imagine new ideas.



What Research Can Tell UsWhat Research Can Tell Us

ØØ Can document the current situation.Can document the current situation.

ØØ Can document the effectiveness of a newCan document the effectiveness of a new
idea.idea.

ØØ Can suggest explanations for success orCan suggest explanations for success or
failure.failure.



Thinking about Working with a K-12Thinking about Working with a K-12
District?  A University ResearcherDistrict?  A University Researcher’’ss

PerspectivePerspective

ØØ First, establish a shared commitment.First, establish a shared commitment.

qqLearn of and then recognize the uniqueLearn of and then recognize the unique
strengths that each group brings to thestrengths that each group brings to the
enterprise.enterprise.

qqEstablish a common ground built on sharedEstablish a common ground built on shared
interests and goals.interests and goals.

qqWork together on Work together on ““first steps.first steps.””

qqCommunicate, communicate, communicate.Communicate, communicate, communicate.



Recognize that CollaborationRecognize that Collaboration
is NOT Enough.is NOT Enough.

Meeting Accepted ObligationsMeeting Accepted Obligations
is NOT Enough.is NOT Enough.



ØØSecond, work towards mutual obligation.Second, work towards mutual obligation.

qqSupport and learn from each other.Support and learn from each other.

qqRecognize and address needs of eachRecognize and address needs of each
other.other.

qqRecognize and accept the strengths ofRecognize and accept the strengths of
each other.each other.

qqInteract to advance the work of theInteract to advance the work of the
partnership.partnership.



You Cannot Control the Wind,You Cannot Control the Wind,
but You Can Adjust Your Sailbut You Can Adjust Your Sail

ØØ Establish and maintain a connection withEstablish and maintain a connection with
districtdistrict’’s Research, Evaluation ands Research, Evaluation and
Assessment Division, although thisAssessment Division, although this
leadership will be transient.leadership will be transient.

ØØ Constantly examine the alignment andConstantly examine the alignment and
connections between curriculum,connections between curriculum,
instructional materials, assessment, andinstructional materials, assessment, and
professional development.professional development.

ØØ Set up a system to collect teacher/schoolSet up a system to collect teacher/school
data to measure the fidelity of thedata to measure the fidelity of the
implementation.implementation.



ØØ Earn the acceptance, trust and respect ofEarn the acceptance, trust and respect of
the school system personnel throughthe school system personnel through
immersion in the day-to-day reality of theimmersion in the day-to-day reality of the
schools.schools.

ØØ Carve time to reflect on the effort.Carve time to reflect on the effort.

ØØ Be prepared to withstand political andBe prepared to withstand political and
administrative upheaval.administrative upheaval.

ØØ Be prepared to positively react to the crisisBe prepared to positively react to the crisis
of the moment and to fill many voids as theof the moment and to fill many voids as the
resident expert.resident expert.

ØØ Know what the system will bear in terms ofKnow what the system will bear in terms of
reform and funding.reform and funding.



ØØ Remember, the goal is to stimulate andRemember, the goal is to stimulate and
study credible efforts -- not just efforts thatstudy credible efforts -- not just efforts that
align with theory.align with theory.

ØØ Realize that the demands of reform willRealize that the demands of reform will
interfere with university expectations.interfere with university expectations.

ØØ If you crave recognition, donIf you crave recognition, don’’t do this.  Thet do this.  The
university partner generally is notuniversity partner generally is not
acknowledged in public venues (unless theacknowledged in public venues (unless the
university is the speaker).university is the speaker).



Lessons LearnedLessons Learned

ØØ Encourage central administration resolve.Encourage central administration resolve.

ØØ Engage administrators at Engage administrators at allall levels in levels in
understanding what is involved. (Whenunderstanding what is involved. (When
consistent valued results are presumed,consistent valued results are presumed,
support declines.)support declines.)



ØØ Work with district to establish mechanismsWork with district to establish mechanisms
for supporting and monitoringfor supporting and monitoring
implementation without attempting toimplementation without attempting to
control or define details of individualcontrol or define details of individual
classroom instruction.classroom instruction.

ØØ Tell the story and write before acceptingTell the story and write before accepting
““the nextthe next”” project. project.

ØØ Let your university or college know yourLet your university or college know your
needs; ask for help when needed. (Takeneeds; ask for help when needed. (Take
advantage of your advantage.)advantage of your advantage.)



Parting ThoughtsParting Thoughts

ØØ Increased student achievement in mathematicsIncreased student achievement in mathematics
occurs when there is a positive change in theoccurs when there is a positive change in the
reality of instructional practice experienced byreality of instructional practice experienced by
students and teachers within and across schools.students and teachers within and across schools.

ØØ Capacity for reform occurs when knowledgeableCapacity for reform occurs when knowledgeable
teachers and administrators, with sufficientteachers and administrators, with sufficient
resources, are committed to the premise thatresources, are committed to the premise that
change is important -- not simply because of achange is important -- not simply because of a
mandate for improvement, but because themandate for improvement, but because the
intended practices will permit teachers andintended practices will permit teachers and
students to engage in more exciting, challengingstudents to engage in more exciting, challenging
and productive instruction.and productive instruction.


